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In this paper we derive the Lindblad and Redfield forms with and without secular approximation
from the Born-Markov master equation for open quantum systems. The spectral correlation tensor
of bath (the Fourier transform of the bath correlation function) and then the coefficients in the two
forms of the master equation are reevaluated according to the scheme in Ref.[Phys. Rev. A 99,
022118 (2019)]. They are complex numbers rather than the real numbers getting from traditional
simplified methods. The dynamics of two models [one is an open three-level quantum system
model, and the other is the model of phycoerythrin 545 (PE545) of modeling a photosynthesis
reaction center] are studied by using the obtained equations. The non-secular Lindblad and Redfield
equations with the complex coefficients predict almost the same dynamical results from the Born-
Markov master equation. However, the results obtained from the traditional Lindblad and Redfield
equations deviate the actual dynamics of the open quantum systems.
I. INTRODUCTION
Any quantum system will unavoidably suffer from in-
teractions with uncountable degrees of freedom in sur-
roundings. Therefore, the evolution of a quantum state
will be affected by the environment of the system. Thus,
understanding the dissipative quantum dynamics of a
system embedded in a complex environment is an im-
portant topic across various sub-disciplines of matter
science [1, 2]. The Lindblad and Redfield forms [3–5]
based on Born-Markov master equation are convenient
tools and they are widely applied for the investigations
of the reduced dynamics of interest quantum systems
[6–11]. However, compared to the Born-Markov master
equation, in Lindblad and Redfield forms of the mas-
ter equation, the secular approximation is always needed
to be used. In order to determine the coefficients of the
equations, traditionally a Cauchy principle value integral
should be solved and it is always difficult to obtain the
analytic solution [12]. So the imaginary part of the spec-
tral correlation tensor of bath (the Fourier transform of
the bath correlation function) is always ignored, which
distorts the true dynamics of the open quantum systems.
In Ref.[13], we proposed a scheme of formulating the
Born-Markov master equation into a computable form,
in which the secular approximation does not need to be
used and the coefficients in the master equation are ex-
actly reevaluated. It is interested that based on the idea
in Ref.[13], the Born-markov master equation can be rep-
resented into the Lindblad and Redfield forms, in which
the secular approximation does not need to be used and
the coefficients of the master equations can also be ex-
actly determined. The obtained equations degenerate to
the traditional Lindblad and Redfield forms of the mas-
ter equation when we add the secular approximation on
them. For convenience, we call the corresponding equa-
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tions with and without use of the secular approximation
the secular and non-secular Lindblad and Redfield mas-
ter equations.
By using the non-secular Lindblad and Redfield master
equations, in this paper we shall investigate two models.
One is a three-level quantum system model, the other is
the PE545 complex [14–16] which is a model extensively
used to study photosynthetic pigment protein complex.
It will be shown that for the three-level quantum system
the dynamics obtained from the non-secular Lindblad
and Redfield master equations with the complex spectral
tensor are similar to ones that obtained from the tra-
ditional Lindblad and Redfield master equations. How-
ever, for the PE545 complex model, the dynamics ob-
tained from the non-secular forms with the complex spec-
tral correlation tensor are definitely different to the re-
sults obtained from the traditional Lindblad and Redfield
master equations. It means that for some complex open
quantum systems, the traditional Lindblad and Redfield
master equations are certainly lose some dynamical infor-
mation because they omit many relaxation terms which
do not satisfy the secular approximation. It also means
that the the imaginary parts of the spectral correlation
tensor of bath should also be included in the solution of
the master equations.
II. MODEL AND FORMULATION
In this section we derive the non-secular Lindblad
and Redfield equations. As usually, the total system-
environment Hamiltonian is set as [12, 17]
H = Hs +Hb +HI , (1)
where Hs, Hb and HI are the Hamiltonian of the system,
bath, and their interaction between them. Suppose the
coupling of the system and its environment is described
2by the interaction Hamiltonian as
HI =
∑
α
Sα ⊗ Eα, (2)
where Sα and Eα are the system and environment oper-
ators. The general Hamiltonian of the open multi-level
quantum system can be written as
H = Hs +
∑
k
[
pˆ2k
2mk
+
1
2
mkω
2
k qˆ
2
k +
∑
α
|α〉〈α|ckα qˆk
]
. (3)
Here, qˆk, and pˆk, are the coordinate and momentum op-
erators, and mk and ωk, the mass and angular frequency
of the k-th harmonic oscillator of the bath, respectively,
and ckα is the coupling coefficient between the α-th di-
agonal mode of the system and the k-th harmonic os-
cillator of the bath. |α〉 is the α-th basis state of the
multi-level quantum system. This is actually the Frenkel-
exciton Hamiltonian, which is widely used in the study
of molecular aggregates in photosynthesis systems and
other condensed systems [18–20]. By using the Born-
Markov approximation, one can obtain the Born-Markov
master equation in Schro¨dinger picture as [12]
dρs
dt
= −i [Hs, ρs] +
∫ ∞
0
dτ
∑
αβ
Wαβ(τ)
{Sβ(−τ)ρsSα − SαSβ(−τ)ρs}+H.c.. (4)
Here, and in the following we set ~ = 1, and
Wαβ(τ) = Trb [Eα(τ)Eβρb] ,
Eα(τ) = e
iHbτEαe
−iHbτ , Sα(τ) = e
iHsτSαe
−iHsτ . (5)
Eq.(4) is not a computable form and it is not conve-
nience for numerical analysis. Fortunately, two com-
putable forms, Lindblad and Redfield forms of the mas-
ter equation are introduced and extensively used in last
years. These equations have been derived in many refer-
ences, but some of them are based on the secular approxi-
mation. In the following we re-derive the equations based
on the Born-Markov master equation, and these deriva-
tions do not need the help of the secular approximation
and other assumptions.
A. Lindblad form
In this section we derive the Lindblad form of the mas-
ter equation independent of secular approximation. Set-
ting
L0α =
∑
β
∫ ∞
0
dτSβ(−τ)Wαβ(τ), (6)
we can then written Eq.(4) as
dρs
dt
= −i [Hs, ρs] +
∑
α
[
L0αρsSα − SαL
0
αρs
]
+
[
SαρsL
0†
α − ρsL
0†
α Sα
]
. (7)
Here, Sα is a unitary operator, so Sα = S
†
α. Because
L0αρsSα − SαL
0
αρs + SαρsL
0†
α − ρsL
0†
α Sα
=
[
L1αρsL
1†
α −
1
2
L1†α L
1
αρs −
1
2
ρsL
1†
α L
1
α
]
−
[
L0αρsL
0†
α −
1
2
L0†α L
0
αρs −
1
2
ρsL
0†
α L
0
α
]
−
[
SαρsS
†
α −
1
2
S†αSαρs −
1
2
ρsS
†
αSα
]
+
1
2
[
L0†α Sα − S
†
αL
0
α, ρs
]
, (8)
where
L1α = L
0
α + Sα, (9)
the Born-Markov master equation can be arranged into
dρs
dt
= −i [Hs +Hls, ρs] +D(ρs),
(10)
with
D(ρs)=
∑
α
[
L1αρsL
1†
α −
1
2
L1†α L
1
αρs −
1
2
ρsL
1†
α L
1
α
]
−
[
L0αρsL
0†
α −
1
2
L0†α L
0
αρs −
1
2
ρsL
0†
α L
0
α
]
−
[
SαρsS
†
α −
1
2
S†αSαρs −
1
2
ρsS
†
αSα
]
, (11)
and
Hls =
i
2
∑
α
[
L0†α Sα − S
†
αL
0
α
]
. (12)
We denote the eigenvalues ofHs by ωn and the projection
onto the eigenspace belonging to the eigenvalue ωn by
Π(ωn). Then, we define the operators [12]
Fα(ωmn) ≡ Π(ωn)SαΠ(ωm). (13)
Summing over all energy levels and employing the com-
pleteness relation in Eq.(13), we get
Sα =
∑
mn
Fα(ωmn). (14)
3Thus, we have
Sα(τ)= e
iHsτSαe
−iHsτ
=
∑
mn
eiHsτFα(ωmn)e
−iHsτ
=
∑
mn
e−iωmnτFα(ωmn). (15)
Inserting the form of Eq.(15) into the Eq.(6), we obtain
L0α=
∑
β
∫ ∞
0
dτSβ(−τ)Wαβ(τ)
=
∑
β
∫ ∞
0
dτ
∑
mn
eiωmnτFβ(ωmn)Wαβ(τ)
=
∑
β,mn
Γαβ(ωmn)Fβ(ωmn), (16)
where, Γαβ(ωmn) is the Fourier transform of the bath
correlation function, we call it the spectral correlation
tensor of bath, and it is
Γαβ(ωmn) ≡
∫ ∞
0
dseiωmnsWαβ(s). (17)
So, we have
L1α = L
0
α + Sα =
∑
β,mn
(Γαβ(ωmn) + δαβ)Fβ(ωmn). (18)
Inserting Eqs.(14), (16), and (18) into Eq.(11) we can
obtain,
L1αρsL
1†
α −
1
2
L1†α L
1
αρs −
1
2
ρsL
1†
α L
1
α
=
∑
s′s
∑
mn
∑
ββ′
[
(δαβ + Γαβ(ωs′s))
(
δαβ′ + Γ
∗
β′α(ωmn)
)]
[Fβ(ωs′s)ρsF
†
β′(ωmn)−
1
2
F †β′(ωmn)Fβ(ωs′s)ρs
−
1
2
ρsF
†
β′(ωmn)Fβ(ωs′s)], (19)
and
L0αρsL
0†
α −
1
2
L0†α L
0
αρs −
1
2
ρsL
0†
α L
0
α
=
∑
s′s
∑
mn
∑
ββ′
[
Γαβ(ωs′s)Γ
∗
β′α(ωmn)
]
×[Fβ(ωs′s)ρsF
†
β′(ωmn)−
1
2
F †β′(ωmn)Fβ(ωs′s)ρs
−
1
2
ρsF
†
β′(ωmn)Fβ(ωs′s)], (20)
and
SαρsS
†
α −
1
2
S†αSαρs −
1
2
ρsS
†
αSα
=
∑
s′s
∑
mn
∑
ββ′
[Fβ(ωs′s)ρsF
†
β′(ωmn)
−
1
2
F †β′(ωmn)Fβ(ωs′s)ρs −
1
2
ρsF
†
β′(ωmn)Fβ(ωs′s)]. (21)
Thus, we have
D(ρs) =
∑
s′s
∑
mn
∑
ββ′
(
Γ∗β′β(ωmn) + Γβ′β(ωs′s)
)
[Fβ(ωs′s)ρsF
†
β′(ωmn)−
1
2
F †β′(ωmn)Fβ(ωs′s)ρs
−
1
2
ρsF
†
β′(ωs′s)Fβ(ωmn)]. (22)
Similarly, we have
Hls=
i
2
∑
α
[
L0†α Sα − S
†
αL
0
α
]
=
i
2
∑
αβ
∑
s′s
∑
mn
[Γ∗βα(ωs′s)F
†
β(ωs′s)Fα(ωmn)
−Γαβ(ωs′s)F
†
α(ωmn)Fβ(ωs′s)]
=
i
2
∑
αβ
∑
s′s
∑
mn
[Γ∗αβ(ωmn)F
†
α(ωmn)Fβ(ωs′s)
−Γαβ(ωs′s)F
†
α(ωmn)Fβ(ωs′s)]
=
i
2
∑
αβ
∑
s′s
∑
mn
[
Γ∗αβ(ωmn)− Γαβ(ωs′s)
]
×F †α(ωmn)Fβ(ωs′s). (23)
In Eq.(23), the third equality holds, which is based on the
fact that exchanging the indexes α and β, and variables
ωs′s and ωmn, the first term of the right-hand side of the
equality does not change. We denote,
Γαβ(ωmn) =
1
2
γαβ(ωmn) + iTαβ(ωmn). (24)
So, we have
Γ∗αβ(ωmn) + Γαβ(ωs′s)
=
1
2
[γαβ(ωmn) + γαβ(ωs′s))− i(Tαβ(ωmn)− Tαβ(ωs′s)]
≡ χαβ(ωmn, ωs′s), (25)
and
Γ∗αβ(ωs′s)− Γαβ(ωmn)
=
1
2
[γαβ(ωmn)− γαβ(ωs′s))− i(Tαβ(ωmn) + Tαβ(ωs′s)]
≡ Θαβ(ωmn, ωs′s). (26)
4Thus, the master equation can be written in the compact
form as
d
dt
ρs(t) = −i [Hs +Hls] +D(ρs), (27)
with
Hls =
i
2
∑
αβ
∑
s′s
∑
mn
Θαβ(ωmn, ωs′s)F
†
α(ωmn)Fβ(ωs′s), (28)
and
D(ρs) =
∑
αβ
χαβ(ωmn, ωs′s)[Fβ(ωs′s)ρsF
†
α(ωmn)
−
1
2
F †α(ωmn)Fβ(ωs′s)ρs −
1
2
ρsF
†
α(ωmn)Fβ(ωs′s)].(29)
Further, this formation degenerates into the traditional
form of the Lindblad master equation through imposing
the secular approximation, and it becomes into [21, 22]
d
dt
ρs(t) = −i [Hs +H
se
ls ] +D
se(ρs), (30)
with
Hsels =
i
2
∑
αβ
∑
ωmn
Θαβ(ωmn, ωmn)F
†
α(ωmn)Fβ(ωmn),
(31)
and
Dse(ρ) =
∑
ωmn
∑
αβ
χαβ(ωmn, ωmn)[Fβ(ωmn)ρsF
†
α(ωmn)
−
1
2
F †α(ωmn)Fβ(ωmn)ρs −
1
2
ρsF
†
α(ωmn)Fβ(ωmn)]. (32)
Thus, we obtain the Lindblad form of the master equa-
tion with and without secular approximation.
B. Redfiled form
Similary, in the following we drive the non-secular Red-
field equation. It is known that in the inteaction picture,
we have
ρIs(t) = e
iHstρse
−iHst, HII (t) =
∑
α
SIα(t)⊗ E
I
α(t),
SIα(t) = e
iHstSαe
−iHst, EIα(t) = e
iHbtEαe
−iHbt. (33)
From Eqs.(4) and (33) we have
∂
∂
ρIs(t) =−
∑
αβ
∫ t
0
dτ
[
SIα(t), S
I
β(t− τ)ρ
I
s(t)
]
Wαβ(τ)
−
[
SIα(t), ρ
I
s(t)S
I
β(t− τ)
]
Wβα(−τ). (34)
The matrix form of Eq.(34) reads
〈s′|
∂ρIs(t)
∂t
|s〉 =−
∑
αβ
∫ ∞
0
dτM
(1)
s′s (α, β, t, τ)Wαβ(τ)
−M
(2)
s′s (α, β, t, τ)Wβα(−τ), (35)
with
M
(1)
s′s (α, β, t, τ) = 〈s
′|
[
SIα(t), S
I
β(t− τ)ρ
I
s(t)
]
|s〉
=
∑
mn
〈s′|SIα(t)|m〉〈m|S
I
β(t− τ)|n〉〈n|ρ
I
s(t)|s〉
−
∑
mn
〈s′|SIβ(t− τ)|m〉〈m|ρ
I
s(t)|n〉〈n|S
I
α(t)|s〉
=
∑
mn
〈s′|Sα|m〉〈m|Sβ |n〉〈n|ρ
I
s(t)|s〉e
iωs′nte−iωmnτ
−
∑
mn
〈n|Sα|s〉〈s
′|Sβ |m〉〈m|ρ
I
s(t)|n〉e
i(ωs′s+ωnm)te−iωs′mτ
=
∑
mn
mαβs′mmn〈n|ρ
I
s(t)|s〉e
iωs′nte−iωmnτ
−mαβnss′m〈m|ρ
I
s(t)|n〉e
i(ωs′s+ωnm)te−iωs′mτ , (36)
and
M
(2)
s′s (α, β, t, τ) = 〈s
′|
[
SIα(t), ρ
I
s(t)S
I
β(t− τ)
]
|s〉
=
∑
mn
mαβs′mns〈m|ρ
I
s(t)|n〉e
i(ωs′s+ωnm)te−iωnsτ
−mαβnsmn〈s
′|ρIs(t)|m〉e
iωmste−iωmnτ , (37)
where
mαβs′smn = 〈s
′|Sα|s〉〈m|Sβ |n〉
ωs′s = ωs′ − ωs. (38)
Thus, we have
〈s′|
∂ρIs(t)
∂t
|s〉= −
∑
mn
[
Γ+s′mmn〈n|ρ
I
s(t)|s〉e
iωs′nt
−Γ+nss′m〈m|ρ
I
s(t)|n〉e
i(ωs′m+ωns)t
−Γ−s′mns〈m|ρ
I
s(t)|n〉e
i(ωs′s+ωnm)t
+Γ−nsmn〈s
′|ρIs(t)|m〉e
iωmst
]
, (39)
5where
Γ+s′mmn=
∑
αβ
∫ t
0
dτmαβs′mmnWαβ(τ)e
iωnmτ
=
∑
αβ
mαβs′mmnΓαβ(ωnm),
Γ+nss′m=
∑
αβ
∫ t
0
dτmαβnss′mWαβ(τ)e
iωms′ τ
=
∑
αβ
mαβnss′mΓαβ(ωms′),
Γ−s′mns=
∑
αβ
∫ t
0
dτmαβs′mnsWαβ(−τ)e
−iωnsτ
=
∑
αβ
mαβs′mnsΓ
∗
αβ(ωns),
Γ−nsmn=
∑
αβ
∫ t
0
dτmαβnsmnWαβ(−τ)e
−iωmnτ
=
∑
αβ
mαβnsmnΓ
∗
αβ(ωmn). (40)
By using Eq.(40) we have∑
mn
Γ+s′mmn〈n|ρ
I
s(t)|s〉e
iωs′nt
=
∑
nk
Γ+s′kkn〈n|ρ
I
s(t)|s〉e
iωs′nt
=
∑
mk
Γ+s′kkm〈m|ρ
I
s(t)|s〉e
i(ωs′s−ωms)t
=
∑
mnk
Γ+s′kkmδsn〈m|ρ
I
s(t)|n〉e
i(ωs′s−ωmn)t, (41)
and ∑
mn
Γ−nsmn〈s
′|ρIs(t)|m〉e
iωmst
=
∑
mk
Γ−ksmk〈s
′|ρIs(t)|m〉e
iωmst
=
∑
nk
Γ−ksnk〈s
′|ρIs(t)|n〉e
i(ωms−ωmn)t
=
∑
mnk
Γ−ksnkδs′m〈m|ρ
I
s(t)|n〉e
i(ωs′s−ωmn)t. (42)
Substituting Eqs.(41), and (42), into Eq.(39), we can fi-
nally obtain the Redfield equation in the interaction pic-
ture as
〈s′|
∂ρIs(t)
∂t
|s〉 = −
∑
mn
RIs′smn〈m|ρ
I
s(t)|n〉, (43)
with
RIs′smn=
[∑
k
δsnΓ
+
s′kkm − Γ
+
nss′m
−Γ−s′mns +
∑
k
δs′mΓ
−
ksnk
]
ei(ωs′s−ωmn)t. (44)
Thus, coming back to the Schro¨dinger picture, we can
obtain the Redfield equation as
〈s′|
∂ρs
∂t
|s〉 = −iωs′s〈s
′|ρs|s〉 −
∑
mn
Rs′smn〈m|ρs|n〉,(45)
with
Rs′smn =
∑
k
δsnΓ
+
s′kkm − Γ
+
nss′m − Γ
−
s′mns +
∑
k
δs′mΓ
−
ksnk.
(46)
This is in fact the non-secular Redfield equation. The
form is exactly equaled to the one obtained from the
secular approximation. If we set the sum in Eq.(45)
only including these terms, ωs = ωs′ , ωm = ωn, and
ωs − ωs′ = ωm − ωn, the equation then degenerates to
secular Redfield equation.
III. ON THE COEFFICIENTS IN LINDBLAD
AND REDFIELD MASTER EQUATIONS
We can see that the Lindblad and Redfield equations
Eqs.(27), (30) and (45) are depended on the coefficients
χαβ(ωmn, ωs′s),Θαβ(ωmn, ωs′s) and Γ
±
ijkl which are de-
pended on ascertain Γαβ(∆) for an identified ∆. In
the following, we reevaluate the quality according to
the scheme of calculating coefficients of Born-markov
master equation in Ref.[13]. It is known that when
α 6= β, we have Wαβ(τ) = 0, and when α = β, we
set Wα(τ) = Wαβ(τ). So the correlate function can be
calculated as
Wα(τ) =
∑
j,k
c∗jαckα〈qj(τ)qk〉ρb =
∑
j
|cjα|
2〈qj(τ)qj〉ρb
=
∑
j
|cjα|
2
2mjωj
[
(1 +N(ωj))e
−iωjτ +N(ωj)e
iωjτ
]
, (47)
where we noticed that 〈qj(τ)|qk〉 = 0 for j 6= k,
and N(ωj) = 1/
[
eωj/kBT − 1
]
, with kB the Boltzmann
constant, and T the temperature. Traditionally, from
Wαβ(τ) we can obtain the spectral correlation tensor of
6bath for an identified ∆ as
Γ
(1)
αβ(∆)=
∫ ∞
0
dτei∆τWαβ(τ) = 0 (α 6= β),
Γ
(1)
αβ(∆)=
∫ ∞
0
dτei∆τWα(τ) (α = β)
=
∑
j
∫ ∞
0
dτ
|cαj |
2
2mjωj[
(1 +N(ωj))e
i(∆−ωj)τ +N(ωj)e
i(∆+ωj)τ
]
=
∫ ∞
0
dτ
∫ ∞
0
dωJα(ω)[
(1 +N(ω))ei(∆−ω)τ +N(ω)ei(∆+ω)τ
]
≈
∫ ∞
0
dωpiJα(ω)
[(1 +N(ω))δ(∆− ω) +N(ω)δ(∆ + ω)] . (48)
Here
Jα(ω) =
∑
j
|cαj |
2
2mjωj
δ(ωj − ω). (49)
It is always described with a environmentally spectral
density function, for example, Drude spectral density
function [5], as
Jα(ω) = J(ω) =
ηΩω
ω2 +Ω2
. (50)
Suppose the baths to be coupled to all modes of the
system are the same, and ignore the imaginary part
of integral in Eq.(48), an principle-value integral, then
Γαβ(ωmn) in Eqs.(22), (23) and (40) can be obtained as
Γαβ(ωmn) = Γ
(1)
αβ(ωmn) (51)
Thus, when α 6= β, Γ
(1)
αβ(ωmn) = 0, and when α = β we
have
Γ(1)αα(ωmn) =


piJ(ωmn)(1 +N(ωmn)), if ωmn > 0,
piJ(−ωmn)N(−ωmn), if ωmn < 0,
pi lim
ωmn→0
J(−ωmn)N(−ωmn), if ωmn = 0.
(52)
Traditionally, we calculate the coefficients
χαβ(ωmn, ωs′s), Θαβ(ωmn, ωs′s) and Γ
±
ijkl by using
the Γ
(1)
αα(ωmn).
However, according to Ref.[13], we can recalculate the
spectral correlation tensor of bath, and this calculation
does not need to ignore the imaginary part, here we set
Wα(τ) =
∑
j
|cjα|
2〈qj(τ)qj〉ρb ≡ να(τ) − iµα(τ),
(53)
with
να(τ)=
1
2
∑
j
|cjα|
2〈{qj(τ)qj}〉ρb
=
∫ ∞
0
dωJ(ω) coth(
ω
2kBT
) cos(ωτ) = ν(τ),
µα(τ)=
i
2
∑
j
|cαj |
2〈[qj(τ)qj ]〉ρb
=
∫ ∞
0
dωJ(ω) sin(ωτ) = µ(τ). (54)
Thus, we can recalculate the Γαβ(ωmn). When α 6= β,
we have Γαβ(ωmn) = 0, and when α = β, we have
Γαα(ωmn) = Γ
(2)
αα(ωmn)
=
∫ ∞
0
dτeiωmnτ [ν(τ) − iµ(τ)]
=
∫ ∞
0
dτ (cos(ωmnτ) + i sin(ωmnτ)) (ν(τ) − iµ(τ))
= D¯(ωmn) + if¯(ωmn)− iκ¯(ωmn) + r¯(ωmn), (55)
with
D¯(ωmn)=
∫ ∞
0
dτν(τ) cos(ωmnτ)
=


pi
2 J(ωmn) coth
(
ωmn
2kBT
)
, for ωmn 6= 0,
piη
2 cot(
Ω
2kBT
)
+
N∑
j
2piηΩkBT
(ω¯2
j
−Ω2)
, for ωmn = 0,Ω 6= 2kpikBT ,
−kBTηpi2Ω
+
N∑
j 6=k
2piηΩkBT
(ω¯2
j
−Ω2)
, for ωmn = 0,Ω = 2kpikBT .
f¯(ωmn)=
∫ ∞
0
dτν(τ) sin(ωmnτ)
=


piηΩωmn
2(Ω2+ω2mn)
cot
(
Ω
2kBT
)
+
N∑
j
ηΩω¯2jωmn
j(ω¯2j−Ω
2)(ω¯2j+ω
2
mn)
, for Ω 6= 2kpikBT ,
ηpi
2β
ω3mn−3ωmnΩ
2
(ω2mn+Ω
2)2
+
N∑
j 6=k
ηΩω¯2jωmn
j(ω¯2
j
−Ω2)(ω¯2
j
+ω2mn)
, for Ω = 2kpikBT .
κ¯(ωmn)=
∫ ∞
0
dτµ(τ) cos(ωmnτ) =
ηpiΩ2
2(Ω2 + ω2mn)
,
γ¯(ωmn)=
∫ ∞
0
dτµ sin(ωmnτ)
=
{
pi
2 J(ωmn), for ωmn 6= 0,
0, for ωmn = 0.
(56)
Here, ω¯j = 2jpikBT, (j = 1, 2, ..., N). It is easy to be
7verified that

Γ
(1)
αβ(ωmn) = Re
[
Γ
(2)
αβ(ωmn)
]
, for ωmn 6= 0,
Γ
(1)
αβ(ωmn) = lim
Ω/kBT→0
Re
[
Γ
(2)
αβ(ωmn)
]
, for ωmn = 0.
(57)
It is shown that Γ
(1)
αβ(ωmn) is the real part of the
Γ
(2)
αβ(ωmn) in high temperature approximation. In the fol-
lowing we shall investigate the reduced dynamics of two
models by using the non-secular Lindblad and Redfield
master equations and Γ
(2)
αβ(ωmn). The dynamics obtained
from the secular Lindblad and Redfield master equation
and Γ
(1)
αβ(ωmn) are also investigated. The two kinds of
results will be compared each other.
IV. TWO EXAMPLE
In this section we shall investigate the dynamics of
an open three-level quantum system model and PE545
complex model by using Lindblad and Redfield master
equations Eqs.(27), (30) and (45) with Γ
(1)
αβ(ωmn) and
Γ
(2)
αβ(ωmn).
A. An open three-level quantum system model
At first, we investigate an open three-level quantum
system model. The system’s Hamiltonian is set as
Hs =

 E1 V12 0V21 E2 V23
0 V32 E3

 , (58)
where we set E1 = 0, E2 = −2.67cm
−1, E3 =
−3.67cm−1, and V12 = V21 = V23 = V32 = 0.67cm
−1,
and the environment is described with the Drude spec-
tral density function as Eq.(50). Supposing that η =
0.125,Ω = 100.0cm−1, and the environmental temper-
ature is 300K. The initial state is set as ρ(0) = |1〉〈1|.
Numerical analysis shows that when N >= 100, D¯, and
f¯ are convergence, so we set N = 100 in Eq.(56), here.
We solve the reduced dynamics of the open three-level
system by using the non-secular Lindblad equation with
Γ
(2)
αβ(ωmn), see Fig.1(a), and Γ
(1)
αβ(ωmn), see Fig.1(c); non-
secular Redfield equation with Γ
(2)
αβ(ωmn), see Fig.1(b),
and Γ
(1)
αβ(ωmn), see Fig.1(d); secular Lindblad equation
with Γ
(2)
αβ(ωmn), see Fig.1(e), and Γ
(1)
αβ(ωmn), see Fig.1(g);
secular Redfield equation with Γ
(2)
αβ(ωmn), see Fig.1(f),
and Γ
(1)
αβ(ωmn), see Fig.1(h). It is shown that for the
three-level quantum system, the distortion of quantum
disspative dynamics due to use of the secular approxima-
tion and Γ
(1)
αβ(ωmn) is not serious, and a little distortion
does not result from the secular approximation but from
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FIG. 1. The evolution of reduced density matrix for a tree-
level quantum system obtained by using the non-secular Lind-
blad equation with Γ
(2)
αβ(ωmn) (a), and Γ
(1)
αβ(ωmn) (c); non-
secular Redfield equation with Γ
(2)
αβ(ωmn) (b), and Γ
(1)
αβ(ωmn)
(d); secular Lindblad equation with Γ
(2)
αβ(ωmn) (e), and
Γ
(1)
αβ(ωmn) (g); secular Redfield equation with Γ
(2)
αβ(ωmn) (f),
and Γ
(1)
αβ(ωmn) (h). Here, the environment is described with
the Drude spectral density function, with η = 0.125,Ω =
100.0cm−1, T = 300K. The initial state is set as ρ(0) = |1〉〈1|.
In Eq.(56) N = 100.
the usage of inexact Γ
(1)
αβ(ωmn). The results obtained
from the non-secular Lindblad and Redfield equations
with Γ
(2)
αβ(ωmn) are exactly agreement with the ones ob-
tained from the Born-Markov equation [13].
B. PE545 model
Secondly, we investigate the reduced dynamics of the
phycoerythrin 545 (PE545) from Rhodomonas CS24 [14,
16]. The model Hamiltonian of the PE545 is
8Hs =


18008. −4.1 −31, 9 2.8 2.1 −37.1 −10.5 45.9
−4.1 17973 −2.9 30.9 −35.9 2.5 −45.5 11.0
−31.9 −2.9 18711 −5.6 −19.6 −16.1 6.7 6.8
2.8 30.9 −5.6 18960 11.5 25.5 5.1 7.4
2.1 −35.4 −19.6 11.5 18532 101.5 36.3 16.0
−37.1 2.5 −16.1 25.5 101.5 19574 17.6 −38.6
−10.5 −45.5 6.7 5.1 36.3 17.6 18040 2.6
45.9 11.0 6.8 7.4 16.0 −38.6 2.6 19050


. (59)
Here, the environment is also described with the Drude
spectral density function, and we set η = 12.5,Ω = 1000
cm−1, and suppose the environmental temperature is
300K. The initial state is set as ρ(0) = |1〉〈1|. When
N >= 10000, D¯, and f¯ are convergence, so we set
N = 10000 in Eq.(56), here. We obtain the evolution
of the elements of reduced density matrix for the PE545
model by using the non-secular Lindblad equation with
Γ
(2)
αβ(ωmn), see Fig.2(a), and Γ
(1)
αβ(ωmn), see Fig.2(c); non-
secular Redfield equation with Γ
(2)
αβ(ωmn), see Fig.2(b),
and Γ
(1)
αβ(ωmn), see Fig.2(d); secular Lindblad equation
with Γ
(2)
αβ(ωmn), see Fig.2(e), and Γ
(1)
αβ(ωmn), see Fig.2(g);
secular Redfield equation with Γ
(2)
αβ(ωmn), see Fig.2(f),
and Γ
(1)
αβ(ωmn), see Fig.2(h). From the evolution of the
elements of the density matrix for the PE545, we see
that both the secular approximation and the simplified
Γ
(1)
αβ(ωmn) affect the dynamics of the complex open quan-
tum system. The secular approximation makes the time
scale of system evolution about ten times longer, and the
simplified Γ
(1)
αβ(ωmn) compresses the time scale of system
evolution by about 100 times which are seriously dis-
torts the actual dynamics of the complex open quantum
system. It can be imagined that for systems with dif-
ferent degrees of complexity, the time scale distortion of
dynamics due to use of the secular approximation with
simplified spectral correlation tensor of bath Γ
(1)
αβ(ωmn)
will also be different. For more complex systems, this
distortion will also be more serious.
V. DISCUSSION AND CONCLUSIONS
In this paper we re-derive the computable forms of
Lindblad-like and Radfield-like master equations, and
reevaluate the corresponding coefficients in the equa-
tions. And by using the secular and non-secular, Lind-
blad and Redfield master equations with different rep-
resentations of the spectral correlation tensor of bath
Γ
(1)
αβ(ωmn), and Γ
(2)
αβ(ωmn), we investigated two quan-
tum system models. One is an open three-level quan-
tum system model, and the other is the PE545 model. It
is shown that the secular approximation and simplified
spectral correlation tensor bath Γ
(1)
αβ(ωmn) seriously affect
the accuracy of the results obtained from Lindblad-like
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FIG. 2. The evolution of reduced density matrix for PE545
model obtained by using the non-secular Lindblad and Red-
field equations, where the meanings of (a)-(h) are similar to
them in Fig.1. And, the environment is described with the
Drude spectral density function, with η = 12.5,Ω = 1000.0
cm−1, T = 300K. The initial state is set as ρ(0) = |1〉〈1|. In
Eq.(56), N = 10000.
and Redfield-like master equations, especially for some
complex open quantum systems.
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